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It is shown that there is a noticeable effect even for the energies of colliding particles 
below R~ l which may be observed in future collider experiments if is of the 
order of ITeV. 
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1 Introduction 



Many of theories beyond the standard model exploit two important hypotheses: space- 
time supersymmetry and multidimensionality (see for example [|I|). Unfortunately, the 
complete realization of these hypotheses in field theoretical or string models meets con- 
siderable problems. The most important problem to be solved in SUSY models is to find 
a mechanism providing SUSY-breaking at the scale of about 1 TeV. Similar problem of 
finding a mechanism of spontaneous compactification at the energy scale of a few TeV 
exists in models with extra dimensions. Also, it is well known that the supersymmetry in 
principle lowers under compactification of a part of space-time dimensions 0. Thus, it is 
quite natural to suppose that the SUSY-breaking scale Msusy ~ 1 -r- 10 Tev is close to 
the compactification scale Mq- Another argument backing this assumption arises from 
possible cancellations of non-logarithmic corrections to coupling constant renormaliza- 
tions, this was discussed in ref . || . With such compactification scale one can expect that 
an evidence of the existence of extra dimensions will be seen in future experiments at 
supercolliders. 

Another serious problem in multidimensional field theoretical calculations is non- 
renormalizability of the theory. Perhaps the true complete description of fundamental 
interactions is given by some ultraviolate finite theory. Nowadays there is a common 
belief that such theory does exist and this is the superstring theory [1]. Unfortunately, 
calculations in the framework of the superstring theory are very complicated and model 
dependent. To study low energy effects one has to work within an effective multidimen- 
sional non-renormalizable model. In such model physical amplitudes can be calculated 
by performing renormalizations order by order of perturbation expansion. For this one 
has to add to the Lagrangian counterterms with higher derivatives, they are supposed to 
emerge from the complete (superstring) theory as a consequence of the existence of super- 
heavy particles of Plank mass [|IJ. Whereas in the framework of a complete finite quantum 
theory these counterterms of the low energy sector could be calculated explicitly, in the 
effective non-renormalizable model, we are discussing here, necessary counterterms are 
added by hand and coupling constants of the new vertices, given by these counterterms, 
are considered as phenomenological ones. Fortunately, the contributions of these coun- 
terterms to the finite part of the amplitudes are of the order (s/ 'n 2 ) n [1], where yfs is the 
energy of colliding particles, k can be regarded as the characteristic scale of the complete 
theory(K ~ M Pi in the case of superstrings) and n > 1. Thus, when y/s < Mq <C k these 
contributions can be neglected. 

In the present paper we estimate possible manifestations of effects due to the presence 
of extra dimensions in a scalar $ 4 -model on six-dimensional space-time M = M 4 x T 2 , 
where M 4 is the four-dimensional Minkowski space-time and T 2 is the two-dimensional 
torus. We believe that this simple model captures many features of more realistic multidi- 
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mensional models, in particular qualitative behaviour of scattering amplitudes calculated 
here we expect to be rather generic. We would like to mention also that there are some 
phenomenologically consistent Kaluza-Klein type models just in six dimensions (see e.g. 
U). Similar calculations were done for a toy scalar field model in (2+2)-dimensional 
space-time M = M 2 x T 2 in ref. 0. 

A few more remarks are in order. The question of physical effects in multidimensional 
theories but from a different point of view was addressed in ||]. There the authors used 
the results of the high energy experiments to get the upper bound on the size R of the 
space of extra dimensions assuming that the first heavy Kaluza-Klein mode had not been 
yet observed directly. Our approach in the present paper is different in two aspects. First, 
the authors of || considered only one (the first) heavy Kaluza-Klein mode as an exited 
vector boson. In our calculations here we take into account the whole Kaluza-Klein tower 
of particles and, hence, all peculiarities of calculations in non-renormalizable theories. 
Second, we assume that Rr 1 ~ Msjjsy ~ 1 10 TeV and look for possible experimental 
evidence of heavy Kaluza-Klein modes. 

In the next section we describe our model and renormalization condition. In sect. 3 the 
results of 1-loop calculations for amplitudes and scattering cross section are presented. 
Sect. 4 is devoted to the analysis of these results. Sect. 5 contains some conclusions. 



2 The model and renormalization 

We consider here a model of one real scalar field $(x, y) on the six- dimensional space-time 
M 4 x T 2 with the radii of the torus being equal to R = Mq . The action is given by 

S = J d 4 xd 2 y{±g MN <l>(x,y)d M d N <S>(x,y) - ^ 2 (x,y)- 

(1) 

-^ 2 (x,y)n&( x ,y) + ...} , 

where M, N — 0, 5; the metric Qmn = diag(— 1, 1, 1), g$, /t 6 are six-dimensional bare 
coupling constants, dots in the integrand denote possible higher derivative terms. The 
last term is necessary for the renormalization of the 4-point Green function at one loop 
order. The field $(x,y) is periodic in coordinates y 1 , y 2 : 

${x,y + 2nR) =${x,y); R = M^ 1 , 

and can be expanded in Fourier series: 

$(x,y) = ( 2n R)2 £ fn(x)exp{iyn/R}, 



711,712=— OO 
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n = (n 1 ,n 2 ), y = (y 1 ,y 



2^ 



Substituting the Fourier expansion into the action (1) we get 



S — d x 



- £ f-n{d 2 - M%)<pn + ^ E fnfkfpf_ {H+l : + p) + ( 2 ) 

n n,k,p 

h B h B ^ (n,k) 

n,k,p n,k,p 

where (n, fc) = ni&i + n 2 fc2 is the scalar product, 

,2 



M 2 = m 2 + = m 2 + ilf^n 2 , n 2 = ri\ + n 2 (3) 



and 



(2^)2' ° (27ri?) 2 

are four-dimensional bare coupling constants. 

The field (fo = v 7 o( x ) with the light mass m <C Mc in our simple scalar model would 
be an analog of the usual vector fields and fermion fields in the Standard Model, whereas 
the Kaluza-Klein tower of fields {<pfi , n^O} with heavy masses M n would be an analog 
of a set of fields of a multidimensional extension of the Standard Model. The action (^) 
describes the four- dimensional theory with infinite number of massive fields, and it is 
important to notice that, as a consequence of the six- dimensional nature of the model, 
interactions between modes are determined by a few coupling constants only. 

As a process imitating the present possibilities of collider experiments it is reasonable 
to consider (2 light particles) — *> (2 light particles) scattering assuming that m <C Mc 
and the scattering energy satisfies E 2 < 4M 2 . Since h B is expected to be proportional to 
K- 2 ~ M p 2 (see discussion in the Introduction) it is natural to assume that h B M^ ~ g 2 B . 
So, for the process under consideration the interaction term with the coupling constant 
h B will be taken into account in the next-to-leading order only. Then the scattering 
amplitude of the light <^ -particles in the leading approximation is defined by the usual 
tree contribution of the vertex ~ (p^. One can see that heavy modes do not contribute at 
this level. The reason is that there are no vertices with only one heavy field in the sum in 
eq. (0) as a consequence of rotational symmetry on the torus T 2 . This property is rather 
generic and holds for other types of scalar interactions and all compact spaces of extra 
dimensions. Hence, the lowest order where we can hope to find some new effects due to 
the Kaluza-Klein tower of modes is the one loop order. 
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To perform 1-loop calculations for scattering of light particles besides the vertex 



4f ^0 ( 4 ) 
with the light fields only the following relevant vertices must be taken into account 

y^o Z^¥W-n + ^7^o D (4)¥?o • ( 5 ) 

n 

We will show that due to these vertices the massive Kaluza-Klein fields give conside- 
rable contribution to the cross section of the scattering process under investigation. 

Regularized two light particle scattering amplitude to the one-loop order in our model 
has the following form (see, for example, 0): 

Ae 9 (p? 2 ,PLPH) = 9B[l-^ E [ln 9 (pl2)+In 9 (pis)+In 9 (Pu: 

V 6 ft: fP<K* 

+ (6) 

where pf- = (pi +pj) 2 , Pi, i = 1,2,3,4 are the external momenta of the 1-loop diagram 
satisfying the conservation law p\ + p 2 + P3 + p± = and -^ eff (Pi 2 ), I™ 9 {Pii)-i ^^iPii) 
are regularized 1-loop contributions of the nth mode given by the usual four- dimensional 
momentum integral 

re 2 * 4 ^ 

ir n 9 (p) = ^J dk [( p _ k y - Ml + ie\{k 2 - Ml + (7) 

The last integral is regularized by momentum cut-off, other appropriate regularizations 
(e.g. the dimensional regularization) will also work here. Thus, we have two regulators in 
the model: the momentum cut-off A regularizing the four-dimensional integrals and the 
cut-off K regularizing the sum over n. 

Let us discuss now the renormalization of our amplitude. The sum of the 1-loop 
integrals in eq. (|J) corresponds to a 1-loop integral of the type (0) in the original six- 
dimensional theory (|I]) which is quadratically divergent. Thus, if the calculations were 
carried out directly in six dimensions one would have to make two subtractions to obtain 
finite result. Since compactification does not influence the ultraviolate properties of the 
theory also two subtractions are needed in general to make the amplitude (|(J) in four- 
dimensions to be finite. The additional divergence, which is due to the six-dimensional 
nature of the comlete model, reveals itself in the divergence of the sum in (||) after 
the logarithmical divergence of each term I™ 9 is removed. It is for this reason that 
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the regulator K have been introduced. Similar to usual quadratic divergencies in four 
dimensional models this additional divergence gives rise to quadratic corrections to the 
renormalization of the coupling constant thus reducing considerably the range of validity 
of the perturbation theory and, because of this, is quite undesirable. Fortunately, in the 
case under consideration the quadratic divergencies vanish in the sum of three channels 
in the amplitude @ on the mass shell if the renormalization is carried out according to 
standard condition 

•Aregi^tf^l) = 9 (8) 

at the physical subtraction point satisfying 

ti 2 a + l4 + /4 = 4m 2 . (9) 

Here g is the physical (renormalized) coupling constant. 

Indeed, expressing gs in terms of the physical coupling constant the amplitude (f]) 
can be written as 



ft: n 2 <K 2 



+ C 9 (p?J - + h /™ +pl * +p \ 2 ^ * A . (io) 

Of course, to renormalize the coupling constant h b additional condition must be imposed. 
However, this is not necessary for our purpose. The differences of the type /™ 9 (p 2 2 ) _ 
7™ 9 (/i 2 ) are finite and do not depend on the regulator A. We will represent them as 

CV)-CV) = ;(^)-^) , (ID 

where J(z) is the finite part of the 1-loop integral Jf) 

J(z) = 2+ [ dxhi(l-4zx(l-x)) , 
J o 

which is equal to 



iz-l _ z-l 



J( z ) = -iirJ^— + 2W— — ln(v^+ Vz^l) if z > 1 , (12) 



J(z) = 2W - — - arctan W if < z < 1 , (13) 



J(z) = 2 ] l^-^\n(VT^+ v ^) ifz<0. (14) 
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It is easy to see that for small z the expressions (|H|) and ([14]) have the following Taylor 
expansion 



J(z) 
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(15) 



Let us show now that the scattering amplitude ( [TDD * s actually finite and does not 
depend on the cut-off K on the mass shell. Taking formulas (|ll]) and ([15]) into account 
one gets 



12; 



9 1 



5 



E 



*^ 2 ^" n: n 2 <K 2 

4 rf 2 + Pis + P14 -iA-iA-iA 



2 pj 2 +Pl3 + Pl4 - ^ - ^ - /4 

3 



15 (4M 2 ) 2 

, Pig + Pig + Pl4 ~ ^ ~ /f| ~ A 

12 



4M 2 



(16) 



On the mass shell pf 2 = s, pf 3 = t, p 2 4 = u, where s, t and u are the Mandelstam variables 
satisfying the well known kinematical relation 

s + t + u = Am 2 . 

Together with eq. (§) this amounts to vanishing of the first term in the square brackets 
and the term proportional to Kb- The rest of the one- loop contribution in the expression 
fllBD is equal to the finite sum so that the cut-off K can be sent to infinity We also 
see that the amplitude renormalized by the condition (R[) is independent of the coupling 
constant ^ on the mass shell. Finally we have 



•Amass shell(.S, t) (] ^ 1 

+ J 



32tt- 



u 



4M 2 



E 



J 



J 



4M 2 



J 



(a: 

V 4M n, 



J 



Ami 



(17) 



where u = 4m 2 — s — t and the subtraction points are related by eq. 



3 Heavy modes contribution to the total cross sec- 
tion 

In this section we will study the contribution of heavy Kaluza-Klein particles to the total 
cross section of the scattering of two light particles (zero modes). The most interesting 
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range of energies is above the threshold of the light particle and below the threshold of 
the first heavy mode: 4m 2 < s < 4(m 2 + M^). Indeed, due to decoupling of heavy modes 

IS 



at low energies (see the contribution of the Kaluza-Klein tower below s = Am 
likely to be negligible. On the other hand, if Mc ~ Msusy it is very unlikely that the 
energies of colliders will exceed the threshold of the first heavy particle in the near future. 
For the purpose of our analysis we found convenient to introduce the following quantity 



16vr z 



><7 



(N) 



00 



a 



(0), 



go 



(0)/ 



Here a^ N '(s) is the total cross section of the (2 light particles) — > (2 light particles) 
scattering calculated using the amplitude of the type (|17D but with summation over n 
satisfying < |n| < N only. Physically this means that only a finite number of heavy 
particles of the Kaluza-Klein tower with \n\ < N contribute to the 1-loop correction to the 
total cross section a^ N '(s). The cross section calculated in the complete six-dimensional 
theory is equal to a^°°\s). Notice that to compute the leading order of A^ N '°\s) in g only 
tree approximation for a^(s) is used in the denominator of ([18]). 

We calculate the total cross sections using formulas ([Uf), ([14]) and ( |T7j) and get the 
following expression for A^' ) 



aw>(*) = - E 

n>0,n 2 <7V 



J{z n ) - 2 + 2J{y n ) + 



2(1 " Vn) 



J(z n ) - 2J(y n ) 



(19) 



where 



4m 2 

4m 2 
(1 + 



£n j Vn %n ^ 



■,n j yn 



M C^-l 



(Cn ^n)/2 , 



-n 



77T 



and we put yU 2 = /i 2 . For numerical evaluations we take 



m 



10- 4 , H± = 10- 

m" 1 



Since /ij <C m 2 < M^. the function ( |T8"D practically depends on the variable 



4M£ 



2l 



4Mf 



only. The plot of A 1 - 00 - 1 as a function of z is presented in Fig. 1. 
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The behaviour of this function shows that the contribution of the Kaluza-Klein tower 
of particles increases rapidly when the energy of colliding particles grows. We see that 
accummulation of these contributions is considerable and gives a quite noticeable effect 
even for energies much below the threshold of the first heavy mode. Thus, A'- 00 ' -' m 0.76 
for s = 0.5(4M£) and A (oo ' 0) » 0.17 for s = 0.25(4M£). Even for s = 0.1 (4M£) the effect 
is not that small: A (oo ' 0) » 0.03. 

It is clear, of course, that due to the convergence of the sum in ( |19|) the heavier 
the particle of the Kaluza-Klein tower the less it contributes to this sum. Hence the 
curve A^ 00 ' ) actually represents the contributions of a few first modes. (To draw the 
plot in Fig. 1 we approximated it by A^ 20,0 ). We found that this approximation is 
sufficiently good, for example, |A^ 21 '°'(s) — A( 20 '°)(s)| < 10~ 9 for all s in the range under 
investigation.) It is useful to evaluate relative contributions of a few first heavy modes. In 
a more realistic model comparison of these kind of estimates with experimental data would 
allow us to conclude how many heavy particles one actually "detects" in the experiment 
(see discussion in the next Section). To analyse this we calculated the function A^ 1 ' ), 
representing the contribution of the first heavy mode, for the same range of energies (Fig. 
1) . From the curves in Fig. 1 one can clearly distinguish the "infinite" number of modes 
and just one first mode for the energies below its threshold. Thus, the difference between 
them is about 0.23 for s = 0.5(4M 2 7 ) and about 0.05 for s = 0.3(4M&). 

To have more illustrative characteristics let us introduce the quantities 

€N W = Al°°>°)(4zM?) ' 

which show the relative contribution of the first N heavy Kaluza-Klein modes, and the 
quantities 

5e N (z) = e N (z) - e N _ x {z) , 

which show the relative contribution of the Nth. mode. The plots for some e^{s) and 
5€n{s) for the same range of energies as before are presented in Fig.2 and Fig. 3. Combining 
the results presented in Fig. 1 - Fig. 3 we conclude that with accuracy about 5 -f- 10% 
the function A(°°' )(,s) in the energy region s ~ 0.5M 2 4- 0.9M 2 shows the presence of at 
least 3 -7- 4 first heavy modes in the theory. 

4 Discussion and conclusions 

We have shown that effective field theories, obtained from models in 4 + d dimensions, 
provide self-consistent way to calculate possible effects related to their multidimensional 
nature. 
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Though our model is not physical we believe that the results (for example, rapid growth 
of A(°°'°)(s) above the threshold of the light particle) capture some general features in the 
more realistic theories. In the latter case analogous results could be in principle used for 
comparison with experiments as follows. We assume that the low-energy sector of the the- 
ory, which is the sector consisting the field (po only, is already well determined. Thus, the 
value of the coupling constant g is known (notice, that due to the multidimensional nature 
of the complete theory the coupling constant of the self-interaction of (p$ and coupling 
constants of the interactions of the zero mode with non-zero ones are the same, see (|2|), 
©; dD)> an d the total cross section a^(s) of the (2 light particles) — > (2 light particles) 
scattering within the low energy sector can be calculated with sufficient accuracy. Exper- 
imentally we measure the total cross section a exp (s) and compute the quantity 

A-W = -16^M-* <0) < S > 



9 «7<°>( S ) 

(cf. (0))- If above the threshold of the light particle A exp (s) = 0, there are no any 
evidence of heavy Kaluza-Klein modes at given energies. If A exp (s) ^ 0, there is an 
evidence of the existence of heavier particles. Next step would be to see which curve 
A( N '°'(s) fits the experimental data best. If it is the curve with N = oo or sufficiently 
large N, then this might be considered as an indirect evidence of the multidimensional 
nature of the interactions, at least in the framework of the given model and given type 
of compactification. Our calculations suggest that the effect is rather noticeable even for 
energies below the threshold of the first heavy particle (see Fig. 1). Thus, A^ 00 ' ) « 0.03 
for s = 0.1(4M^<) that, with our supposition Mc ~ Msusy ~ (1 -i- !0)TeV corresponds 
to the energy of colliding particles ~ 0.63(1 -j- 10)TeV. Our numerical estimations 
show also that a few (~ 3 -r 4) first Kaluza-Klein modes can be "seen" in the range 
0.5 < s/(4M£) < 1 with 5 + 10% accuracy. 

We would like to mention that we also computed the differential cross section of the 
(2 light particles) — ■> (2 light particles) scattering. However it does not add essentially 
new information about the relative contributions of the heavy Kaluza-Klein particles. 

An interesting question is whether different types of compactification can be distin- 
guished at these energies. The main difference comes from the structure of the spectrum 
of the states in the theory, namely from the multiplicities of states with the same mass 
and the rate of the growth of the mass with n (see (|3|)). This issue is under investigation 
now. Also it would be interesting to understand whether one can distinguish between 
Kaluza-Klein type models and certain models with infinite tower of composite particles. 

Two more remarks are in order. Here we considered effects when the energies of the 
scattering particles are less then the threshold of the first Kaluza-Klein particle. In this 
case momentum behaviour of the effective (running) coupling constant is mainly defined 
by the contribution of the lightest mode only [H], [EJ, [[TO] . Note that renormalization 
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group equation for the coupling constant g, which is physically important at (relatively 
low) energies s ~ M%, is independent of the coupling constant h of the vertices with 
derivatives (the latter is important for renormalization only) |[l 1 . 



Another remark is that there are two cases when heavy modes may give more con- 
siderable contributions. The first case includes multidimensional models with non-scalar 
particles. In such models for certain spaces of extra dimensions some of the heavy Kaluza- 
Klein modes may give non-zero contributions in the tree approximation of perturbation 
theory. The second possibility is to consider specific processes for which the tree approxi- 
mation is absent and the leading contribution is given by the 1-loop diagrams even in the 
zero mode sector of the theory. Such processes are obviously more sensitive to the heavy 
Kaluza-Klein modes. These possibilities are also under investigation. 



Acknowledgements 

The enlightening discussions with E. Boos, F. Cuypers, V.A. Kuzmin, J.M. Mourao and J. 
Valle are gratefully acknowledged. This work was partially supported by Russian Higher 
Education Committee Grant No. 2-63- 2-3. Yu. K. acknowledges support from Direccion 
General de Investigation Cientifica y Tecnica (sabbatical grant SAB 92 0267) during part 
of this work and thanks the Departament d'ECM de la Universitat de Barcelona for its 
warm hospitality. 

References 

[1] M.B.Green , I.H.Schwarz and E. Witten, Superstring Theory, Vols. I and II. (Cam- 
bridge Univ. Press, Cambridge, 1987). 

[2] M.Duff, B.E.W.Nilsson and C.Pope, Phys.Rep. 130 (1984) 1. 

[3] I.Antoniadis, Phis. Lett. B246 (1990) 377. 

[4] V.A.Kostelecky and S.Samuel, Phys.Lett. B270 (1991) 21. 

[5] A.P.Demichev, M.Z.Iofa, Yu.A.Kubyshin and V.E.Tarasov, Sov.Yad.Fis. 56 (1993) 
222. 

[6] S.Randjbar-Daemi, A.Salam and J.Strathdee, Nucl.Phys. B214 (1983) 491; 
H.Nishino and E.Sezgin, Phys.Lett. B144 (1984) 187. 

[7] N.N.Bogolubov and D.V.Shirkov, Introduction to the Theory of Quantized Fields 
(Wiley-Interscience, John Wiley & Sons, New York, 1980). 



10 



Ta-Pei Cheng and Ling-Fong Li, Gauge Theory of Elementary Particle Physics 
(Claredon Press, Oxford, 1984). 

[8] R.T.Taylor and G.Veneziano, Phys.Lett. B212 (1988) 147. 

[9] D.V.Shirkov, Nucl.Phys. B371 (1992) 467. 

[10] L.J. Dixon, V.S. Kaplunovsky and J. Louis, Nucl.Phys. B355 (1991) 649. 

[11] Yu.Kubyshin, D. O'Connor and C.R.Stephens, Dimensional Crossover from Non- 
renormalizability to Renormalizability, Preprint JUNR E2-91497 (JINR, Dubna, 
1991) and DIAS-STP-91-36 (D.I.A.S., Dublin, 1991). To appear in Class. Quant. 
Grav. 

Yu.Kubyshin, D. O'Connor and C.R.Stephens, Decoupling of Heavy Masses in the 
Kaluza-Klein Approach, Preprint No DIAS-STP-92-44 (D.I.A.S., Dublin, 1992). To 
appear in Proc. of the "Quarks-92" Seminar. 



11 



Figure captions 

Fig. 1 Plots of A(°°'°) and A^' ) as functions of z = s/(4M 1 2 ). 

Fig. 2 Plots of functions e N (z) = A^iAzM^/A^iAzMf) for N = 1,2,3,4,5; = 
1. 

Fig. 3 Plots of functions 5e N (z) = e N (z) — e N ^ 1 (z) for N = 2,3,4,5; = 0. 
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